We propose the fundamental and two dimensional representation of the Lorentz groups on a (3+1)-dimensional hypercubic lattice, from which representations of higher dimensions can be constructed. For the unitary representation of the discrete translation group we use the kernel of the Fourier transform. From the Dirac representation of the Lorentz group (including re ections) we derive in a natural way the wave equation on the lattice for spin 1/2 particles. Finally the induced representation of the discrete inhomogeneous Lorentz group is constructed by standard methods and its connection with the continuous case is discussed.
Introduction
The hypothesis of a discrete space and time has attracted the attention of physicists for di erent reasons 1] 3]: i) as a mathematical tool in order to get rid of the in nities in quantum eld theories with the help of a cut-o in momentum space or, what is equivalent, a lattice for the space-time coordinates 7] . This model is similar to solid state physics where quantum elds are de ned on grid points of a periodic crystal. ii) as a more realistic interpretation of lattice gauge theories, in which the spacetime variables are constrained to discrete values due to some underlying structur resulting out of relations among fundamental processes, as Penrose, Finkelstein, Weizsaecker have proposed. 3] In this paper we address ourselves to an important problem of symmetries in lattice theories. In particular we study the consequences of restricting the continuous spacetime variables to a discrete Minkowski space for the translations, rotations and Lorentz transformations. We discuss the possibility of maintaining the representation theory for these groups on the lattice. 1
Our paper is based on the standard theory of induced representations of the Poincar e group restricted to discrete variables 13]. In momentum space there are three ways to construct induced representations: Mackey, Wigner and covariant states 10], based on the existence of a closed subgroup of a Lie group. In our case the closed subgroup is the cubic group with respect to the Lorentz transformations on the lattice. We have the advantage that the representations of the rotation group in two and three dimensions remain irreducible when restricted to the cubic group. Therefore all the arguments for the discrete case can be taken unchanged from the continuous case.
In a preliminary version 15] of this work we have stressed the connection of KleinGordon, Dirac and Proca equation in discrete/continuous momentum and discrete space via Fourier transform.
In this paper we emphasize the representation theory of the discrete translation, Lorentz and Poincar e group in such a way that the wave equaton for spin 1/2 particles on the lattice emerges in a natural way from the Direc representation of the Lorentz group.
In section 2 we describe an algorithm to construct all integral transformations of the complete Lorentz group based on the generators of some Coxeter group, and calculate the 2-dimensional representations of this group that can be generalized to higher dimensional irreducible representations.
In section 3 we review two unitary irreducible representations of the discrete translation group and the cyclic group and use these representations as the kernel of two Fourier transform on the lattice that have become very helpful throughout the literature.
In section 4 we review the Dirac representations of the Lorentz group including space inversion and construct the Dirac wave equation in momentum space as the projection operators that reduce the covariant states of the representation to the irreducible components.
In section 5 we apply the Fourier transforms of section 3 to the Dirac equation in momentum space and obtain a di erence equation for the Dirac and Klein-Gordon elds on the lattice.
In section 6 we construct the induced representation of the Poincar e group on the lattice using the Mackey-Wigner approach and discuss the irreducibility and orbit conditions of this representation.
Fundamental and spin representation of the Lorentz group on the lattice
An integral Lorentz transformation belongs to GL(4,Z) and leaves invariant the bilinear form d 2 = x 2 0 ? x 2 1 ? x 2 2 ? x 2 3 :
(1) According to Coxeter 1, page 47] all integral Lorentz transformations (including re ections) are obtained by combining the operations of permuting the spatial coordinates x 1 ; x 2 ; x 3 and changing the signs of any of the coordinates x 0 ; x 1 ; x 2 ; x 3 together with the operation of adding the quantity x 0 ?x 1 ?x 2 ?x 3 to each of the four coordinates of a point.
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These operations can be described geometrically by the Weyl re ections on the planes perpendicular to the vectors 1 = e 1 ? e 2 ; 2 = e 2 ? e 3 ; 3 = e 3 ; 4 = ? (e 0 + e 1 + e 2 + e 3 ) ; where fe 0 ; e 1 ; e 2 ; e 3 ;g is an orthonormal basis.
In matrix form these re ections are These re ections generate a Coxeter group, the Dynkin diagram of which is the following Fig.1 (3) where P 1 = S 1 S 2 S 3 S 2 S 1 ; P 2 = S 2 S 3 S 2 ; P 3 = S 3 are matrices which change sign of b; c; d and ; ; ; ; "; ; ; ; : : : = 0; 1
In the continuous case the boosts characterize the quotient of the Lorentz group with respect to the subgroup of rotations. These continuous boosts take the vector (1; 0; 0; 0), stable under rotations, to any point of the unit hyperboloid in the forward light cone. In the discrete case the vector (1; 0; 0; 0) is stable under the full cubic group acting on the space coordinates. The coset representatives of the integral Lorentz group with respect to the cubic subgroup are obtained by taking in equation (3) 1 C C C A :
The solutions of the diophantine equations in the four cases are obtained by the application of all the Coxeter re ections as given in equation (3) Equations (4-7) can be considered also as particular cases of integral boost, that take the vector (1; 0; 0; 0) to the vector de ned by the rst column of each of the four matrices. In the continuous case M ller 4] has given a general boost that takes the vector (1; 0; 0; 0) to any vector on the unit hyperboloid. If we want to have a general matrix that takes the vector (1; 0; 0; 0) to any integral vector (M; R; S; T) on the unit hyperboloid this is achieved by the square root of the rst matrix of equation (4): In position space the space-time coordinates of the lattice x are integer numbers. They transform under integral Lorentz transformations into integral coordinates. The same is true for the increments x .
In momentum space the components of the four-momentum are not integer numbers but they can be constructed with the help of integral coordinates, namely, 
From these matrices one can prove the expresions for the representation of the algebra for the Coxeter re ections, namely, (S i S j ) = (P S i ) (P S j ) ; i 6 = j ; i; j = 1; 2; 3 (P S i ) (P S i ) = ?1 ; i = 1; 2; 3 (P S i ) (P S 4 ) = (S i S 4 ) ; i = 1; 2; 3
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The elements (P S i ) ; i = 1; 2; 3 generate the so called octahedral binary or double group 14] excluding the parity. Together with (P S 4 ) they generate part of a binary version of the Coxeter group.
The integral Lorentz transformations without rotations as given in eqs. (4) to (7) have two dimensional representations taking n = p = q = = 0 in eq. (10) and completeness relations
The parameter of the discrete translation group k is de ned in the fundamental domain ? 1 
Now
Given a periodic function on the k-spacê
it can be written in terms of discrete waveŝ 
and has an invariant scalar product due to the unitary relation given above. We call this representation the Dirac representation. The Dirac wave equation can be considered as a consequence of the relativistic invariance and irreducibility 10]: Under the restriction to SU(2), the rst and second pair of components of the four-spinor transform according to spin 1/2. Irreducibility requires that one of these pairs should be eliminated. In the present discrete case we must replace the continuous group SU(2) by the binary octahedral group 14]. Fortunately the restriction of SU (2) to this discrete subgroup is irreducible 11]. This allows us to follow the steps of the continuous analysis 10]. In the rest system we want a projection operator that selects one irreducible representation of SU (2) as required. Notice that, due to the relation between SU(2) and the binary octahedral group mentioned above, all properties of Dirac representation in continuous momentum space carry over to the discrete momentum space without modi cation.
Dirac and Klein-Gordon equation on the lattice
From the Dirac equation in momentum space (59) we can construct the wave equation in position space with the help of the Fourier transform we have introduced in section 3. We de ne the following di erence operators
rf ( 
From the Fourier transform we can derive the wave equation in lattice space. Type I Fourier transform:
The kernel of the transform satis es:
We could apply the Fourier transform to the Dirac equation in momentum space (59) 
The spinor representation of the second factor is given with respect to the element L ?1 (k 0 )~L (k) that belongs to the little group, SU(2), or SO(3; R) respectively. These representations of SU(2) corresponding to spin 1/2 or spin 1 state irreducible when restricted to the (binary) cubic group 11]. The rst factor can be written: k are all the points that de ned the UIR of the translation group and belong to the orbit on the dual translation group. This orbit is discrete in our analysis.
We apply the analysis given in 13] for the semidirect product of the discrete translation group and a point group on the lattice. The dual group of the translation group is given by all the points from the Brillouin zone. We wish to characterize the discrete orbit of the point group by function on the dual space. We formulate ve conditions for these contraints:
(1) they should vanish on the orbit points, (2) they should admit a periodic extension on the k-space, (3) the constraints must be Lorentz invariant, (4) the constraints should vanish only on the points of the orbit, (5) when the lattice spacing goes to zero, the di erence equations in position space should go the continuous wave equation in Minkowski space.
If we require only condition (1)- (4) If we identify p = 2 " tan k ", with k in the Brillomin zone and " the lattice spacing and use the Fourier transform of Type I we obtain the di erence equation (73) If we identify p = 2 " tan N m in (89) and use the Fourier transform of Type II we obtain again the di erence equation (73), the continuous limit of which leads to the continuous Klein-Gordon equation.
The constraints (69) are periodic with respect to the k -space in the Type I and the constraints (77) are periodic with respect the m -space in the Type II.
Nevertheless when integral Lorentz transformations are applied to the components of the k or m variables the new p do not satisfy the constraint equations, and at the same time the constraints vanish at points not on the orbit. Therefore conditions (3) and (4) 
The corresponding representation becomes irreducible and invariant. In both cases the wave equation in lattice space gives in the assymtotic limit the continuous Dirac equation.
